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Let G be a connected linear algebraic complex group which acts regularly and non 
trivially on a smooth connected projective complex variety X of dimension n. 

In this paper we consider the following question: how does the G-action influence or 
even determine the structure of XI 

As it is stand this is a too general question, thus we will soon add some suitable 
assumptions; however even in this generality we notice that X is not minimal in the 
sense of Minimal Model Program (MMP). In particular X admits an extremal ray and 
an associated extremal (or Fano-Mori) contraction, (p : X — > Z, which turns out to be 
G-equivariant. It is thus natural to use the tools developed by the MMP, and the good 
properties of the map <p, to get a classification of such varieties X. This idea was first 
developed in an important paper by Mukai and Umemura (see [M-U]), where they studied 
smooth projective 3-folds on which G = SL{2) acts with a dense orbit. (A complete 
classification of such quasihomogeneous 3-folds is contained in a paper of Nakano (see 
[Na2]); we refer the reader also to a more recent work by S. Kebekus where the case of 
singular 3-folds is also considered (see [Ke])). 

Note also that if X is actually homogeneous with the respect to G, then X is a Fano 
manifold and X can be classified in term of Dynkin diagrams. Fano manifolds are basic 
blocks of the MMP and moreover in this case there is a beutifull interplay between the 
representation theory of G and the projective or differential geometry of X; one aspect of 
it is the so called Borel-Weil-Bott theory. 

We want to propose a way to attack the general problem; however, to our knowledge, 
this way works effectively only in the case when G is a simple group, i.e. the simply 
connected Lie group associated to a simple Lie algebra. In this case one can in fact 
perform many computations which seems hard or meaningless otherwise (for instance find 
the minimal non trivial irreducible representation). 

Thus we will also assume that G is a (simply connected) simple Lie group and we will 
define tq to be the minimum of the dimension of the homogeneous variety of the group G. 
That is tq is minimum codimension of the maximal parabolic subgroup of G (i.e. parabolic 
subgroup corresponding to one node of the Dynkin diagram). It is easy to calculate tq if 
G is simple and this is done in section 1 (for instance rsh{m) = m — 1). 

Then we first prove that if tq > n there is no such an X , that is the only possible 
regular action is the trivial one, while if tq = n then X is homogeneous. For instance 
if n = 3 this says in particular that the only classical group acting non trivially on a 
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smooth 3-fold are SL(2), 5L(3), SX(4), Sp(4) ~ Spin(5), 50(4) and in the last 3 cases X 
is homogeneous; this special case was first proved in a paper of T. Nakano (see [Nal]) 
which influenced the set up of this paper. 

Then we classify all X in the case tq = n — 1, see the theorem (4.1), via the MMP. The 
special case in which G = SL(n) was obtained first by T. Mabuchi but in a complete dif- 
ferent way. Namely he started with the classification of n-codimensional closed subgroups 
of SL{n), which follows from Dynkin's work, and he discussed the possible completions of 
their quotients. 

Finally we begin to consider the case tq = n — 2; this is much more difficult and 
it seems reasonable to make an additional general assumption. Namely we will assume 
that X has an open dense orbit; such an X is called a quasi homogeneous manifold. As 
remarked above the case with n = 3 and G = SL(2) was studied in [M-U] and [Na2] while 
the case with n = 4 and G = SL(3) was recently settled by Nakano, in [Na3], with the 
method of computing the closed subgroup of codimension 4 in SL(3). In the present paper 
we sketch an alternative proof of this classification which makes use of the MMP. Our hope 
is to extend in the future this method to the general case of SL(n — 1) and to the other 
classical groups. 

I was very much inspired by the papers of Mukai-Umemura, of Mabuchi and of Nakano 
which are quoted in the references. 

This note was initiated during my visit at the University of Utah in the fall of 1997. 
J. Kollar suggested me to investigate in this direction using the Minimal Model Theory 
and in particular the new results I had recently with J. A. Wisniewski. The proof of the 
propositions (2.1) and (2.2) were worked out with his help; I like to thank him for all this. 

I also thank E. Ballico and P. Moeseneder for helpful discussions on this topic and the 
organizers of the Hirzebruch 70 conference in Warsaw where this material was presented. 

1. Definitions and preliminaries. 

In this paper X will always denote a smooth connected projective variety of dimension 
n. We use the standard notation from algebraic geometry; more precisely for the Minimal 
Model Program our notation is compatible with that of [K-M-M] while for the Group 
action and representation theory it is compatible with that of [F-H] . 

Definition(l.l). A smooth projective variety X will be said minimal (in the sense of the 
MMP) if K x is nef. 

Theorem (Mori-Kawamata-Shokurov) (1.2). Let X be a smooth variety which is not 
minimal. Then there exists a map ip : X — > Z into a normal projective variety Z with 
connected fibers such that —Kx is p-ample and p contracts the set of curves numerically 
equivalent to a (rational) curve in a non trivial fiber. 

Definition(1.3). The map p : X — > Z given in the above theorem is called an extremal 
contraction or a Fano-Mori contraction. 

Let G be a connected linear algebraic complex group acting regularly and non trivially 
on X. If 7r : G — > G is the universal covering map of G then G acts regularly and non 
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trivially on X through n. Hence we may and shall assume that the acting simple group is 
simply connected without loosing generality. 

Lemma (1.4). Let X and G be as above. Then X is uniruled and in particular it is not 
minimal. 

Proof. On the generic point the action is not trivial, hence it is contained in an orbit 
which is unirational since G is rational. Thus the generic point is contained in a rational 
curve C X. Therefore X is uniruled and not minimal (for this last statement see for 
instance [Ko], p. 189; the smoothness of X is at this point a necessary condition). 

Definition(1.5). If the action of G is transitive on X then X is called a homogeneous 
manifolds. If X has a dense open orbit then it is called a quasi-homogeneous manifold. 

Remark(1.6).If X is homogeneous then Tx is generated by global sections and — Kx is 
ample (see for instance [Ko], (v. 1.4)); in particular X is a rational Fano manifold. If X 
is quasi- homogeneous then — K x is effective; this follows easily taking n elements of the 
Lie algebra Lie(G) such that their associated vector fields are linearly independent at a 
generic point of X . The wedge product of these vector fields gives a non trivial holomorphic 
section of — Kx ■ 

Lemma (1.7). Let X and G be as above. Then there exists on X a Fano-Mori contraction, 
(p : X — > Z, which is G-equivariant and G operates on Z. 

Proof. The existence of (p follows from the lemma (1.4) and the above Mori-Kawamata- 
Shokurov theorem (1.2). The equivariance of <p follows from the following two facts: on 
one end two curves which are carried one to another by the action of G are numerically 
equivalent, on the other end <p contracts all and only the set of curves in a ray, i.e. a set 
of curve all numerically equivalent to a (rational) curve in a non trivial fiber. Therefore 
take two points in a fiber and a curve passing through these two points; this curve will be 
carried into another curve by the action of G which is numerically equivalent to the first 
one and therefore it is contained in a fiber. 

Definition(1.8). Let us fix a simple, simply connected and connected Lie group G and 
consider the set of all homogeneous manifolds (of dimension > 0) with respect to this group. 
They are in a direct correspondence with the parabolic subgroups of G (the isotropy sub- 
group in one point) which are in turn in direct correspondence with the subsets of the 
nodes of the Dynkin diagram associated to the group G. We define r = tq to be the mini- 
mal of the dimensions of the manifolds in this set or equivalently the minimal codimension 
of parabolic subgroups of G. A homogeneous variety which attains this minium will be 
called a minimal homogeneous variety for the action of G. The minimal codimension will 
be attained at a maximal parabolic subgroup, i.e. the ones corresponding to a single node 
of the Dynkin diagram. 

Example (1.8.1). It is easy to check that if G = SL(m) or Sp(2s) = Sp(m) and s > 3 
then re = m — 1. If G = SL{m) the parabolic subgroup P is the one corresponding to 
the first (or the last) node of the Dynkin diagram A m \ if G = Sp(2s) then P is the one 
corresponding to the first node of the Dynkin diagram C s . In both cases G/P = p( n_1 ) and 
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the actions comes from the identification pi 171 - 1 ) = P(V), where V is the m-dimensional 
irreducible representation (this is called the standard homogeneous action). 

Also if G = Sp(4) then tq = 3 but in this case we have two different parabolic 
group of codimension 3 which are the subgroup Pi corresponding to the first node and P2 
corresponding to the second one in the Dynkin diagram; in this case Sp{A)/P\ = Q 3 and 
Sp(4)/P 2 = P\ 

Note that Spin(5) ~ Sp(4) and Spin(6) ~ <SX(4); thus when we consider the group 
G = Spin(m) we will always assume that m > 7 

If G = Spin(m) and m > 7 then tq = m — 2. If m 7^ 8 the parabolic subgroup P is the 
one corresponding to the first node of the Dynkin diagrams -B( m -i/2) or D( m /2), depending 
if m is odd or even and G/P ~ Q( m ~ 2 ) c p( m_1 ). If G = Spin(8) in principle we will 
have two minimal homogeneous varieties (spinor varieties) of dimension 6 (corresponding 
to each of the two last nodes) but they are both isomorphic to Q 6 . 

Similarly one can easily compute tq when G is an exceptional group. For instance if 
G = G 2 then r G = 5 and G/P = Q 5 C P 6 . 

Definition(1.9). Let X = G/P be an homogeneous variety where G is a simply connected 
simple group and P is a parabolic subgroup. A vector bundle E — > X = G/P is called 
G-homogeneous or simply homogeneous if there exists an action of G over E such that the 
following diagram commutes 

G x E — ► E 

i I 
G x (G/P) — ► G/P 

Remark(l.lO). It is evident from the definition that the tangent bundle of X is homoge- 
neous. 

One can prove that a vector bundle E on X = G/P is homogeneous if and only if one 
of the following conditions holds: 

i) 9*E ~ E for every g G G ; 9 g is the automorphim of X given by g. 

ii) There exists a representation p : P — > GL(r) such that E ~ E p , where E p is the 
vector bundle with fiber C r coming from the principal bundle G — >■ G/P via p. 
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2. Points which are fixed by the action of G. 

In the first part of this section we enlarge slightly our set up: namely we will have an 
action of a connected linear algebraic group G on a variety Z with normal singularities. 
We want to discuss how the existence of a fixed point by the action of G determines the 
structure of Z, at least in a Zariski open subset. The next proposition (2.1) is what is 
needed for our pourposes; after proving it we actually found that the following very nice 
and general result of Ahiezer implies easily our proposition. 

Theorem (2.0). ([Ah] theorem 3, [H-O] for the analytic case) Suppose that a connected 
linear algebraic group G acts effectively on a complete normal variety X with an open 
orbit O such that A := X \ Q contains an isolated point p. Then the variety is a projective 
cone over a homogeneous variety P with the respect to the maximal reductive subgroup 
of G. Moreover E is either p or pU P. 

We think however that it can be useful to provide here both a direct and more geo- 
metric proof of the proposition as well as an argument showing that it is a consequence of 
the above theorem. The main steps of both proofs grew from suggestions by Janos Kollar. 

We first recall some standard notations and definitions which will be used in the 
proof. Let Z be a variety with normal singularities and z G Z be point on it; with 
gr(Oz,z) we denote as usually the graded ring associated to the maximal ideal m 2 , that 
is := @ k rn k /m k+1 . Then V z := Spec[gr(0 'z,z)] is the tangent cone to Z at z and P z := 
Proj[gr(Oz, z )] is the projectivized tangent cone, or equivalently the exceptional divisor 
of the blow-up of Z at the point z. The surjective morphism Sym k (m z /m 2 z ) — ► 
($m k /m k+l gives the embedding of P z into the projectivization of the Zariski tangent 
space in z, which is equal to where N +1 = dim{m z /m 2 z ). This embedding is linearly 
normal and it is given by the global sections of the twisting line bundle L on P z . 

Assume that a simple group G acts on Z and z is a fixed point for this action; thus G 
acts on the C- vector spaces m k z /m k z +l for every k and therefore G acts on P z . Assume also 
that P z is an homogeneus space under this action; that is P z = G/P with P a parabolic 
subgroup of G. Then L is a homogeneus line bundle and it is determined by a character 
A : P — > C*; moreover, since L is spanned, the character A is a positive multiple of a 
highest weight. By the Borel-Weil-Bott theorem for positive integer k the vector space 
H l (P z , L k ) are zero for i ^ and V\ k '■= H°(P Z , L k ) is an irreducible G-module; i.e. it is 
the irreducible reppresentation with highest weight X k. In particular, since we have the 
G-equivariant inclusion m k /m k+1 C H°(P Z , L k ), these two spaces are the same one (and 
the above described embedding P z — > P N is projectively normal). 

The tangent cone V z has a natural G-structure which is induced by the action on P z 
(and on L); with this action V z has two orbits, namely the vertex, which is a fixed point, 
and its complement which is an open orbit. 

Proposition (of the cone) (2.1). Let G be a simple Lie group acting on a normal 
projective variety Z. Assume that z is a fixed point and that P z is a homogeneus variety 
with the respect to the action of G. Then Z has a Zariski open set which is G-equivariantly 
isomorphic to the (affine) cone over z. 

Proof. Let for brevity R = Oz, z and m = m z ; let also k be a positive integer. By the 
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complete reducibility of the group G there is a unique complement of m +1 in m ; let us 
call it Vfc. Note that Vk C m fc C -R; thus if we define A := @ fc we have that Ad R. 

We will first prove that A has ring structure (and thus that it is equal to gr(Oz, z ))- 
This follows if we prove that the image of the natural map 

is exactly Vk, and thus that A is a quotient of a polynomial ring. 

Im{(fk) '■= Wk is contained in m k and it is actually mapped injectively into m k /m k+s 
for sufficiently large s. But on one side Wk is a representation of G with highest weight 
< k, since S k (Vi) is a representation with highest weight k. On the other m k /m k+s = 
Vk + Vk+i + ....Vk+ s -i, the direct sum of irreducible distinguished representation Vi of 
highest weight i, for i = k, k + s — 1. This implies that Wk = Vk- 

The ring inclusion A C R gives a G-invariant map p : Spec(R) — > Spec(A); we will 
now prove that it is an isomorphism. 

Note that p is unramified at z: in fact this is equivalent to say that the sheaf of relative 
differential Qspec(R)/Spec(A) is zero at z - But the stalk of the sheaf in z is equal to Qr/a, 
which fits in the exact sequence 

^a/c — ► Qr/c — ► Qr/a — ► 

and the first map is the isomorphim m^/m^ — ► m/m 2 (where via is the maximal ideal 
of A). 

Note also that, since G acts transitively on Spec(A) \ v, we have that p\s P ec(R)\z '■ 
Spec(R)\z — > Spec(A)\v is an etale cover. In fact, by dimension reasons, it is generically 
finite and it is also generically flat. Using the transitivity of the action we conclude then 
that it is finite and flat and that it has no ramification points. 

To describe this cover we need the following lemma of topology; it is quite straight- 
forward but we will give a proof for the reader's convenience. 

Lemma (2.1.1). Let P be a smooth complex compact variety which is simply connected; 
let L be a line bundle on P. Denote by L* the total space of the bundle L minus the zero 
section; L* is a C* bundle over P. Let k be the unique element in H 2 (P, Z) which is not 
divisible (i.e. is not a multiple of any element in H 2 (P,Z)) and such that rk = ci(L). 
Then ni(L*) = Z/rZ and if K is a line bundle which has Chern class k then K* is the 
universal cover of L* (the covering map is described in the course of the proof). 

Proof. We start with the exact sequence of homotopy 

— > 7T 2 (L*) — > 7T 2 (P) — > 7Ti(C*) = Z — > 7n(L*) — > TT^P) = 1. 

Since tci(P) = 1 then, by Hurewicz's theorem, we have H2(P, Z) = ^(-P) and, by the 
universal coefficient theorem for cohomology, H 2 (P,Z) has no torsion. The above map 
tt 2 (P) = H 2 (P, Z) — > Z is nothing else then the first Chern class c x {L) e H 2 (P, Z). 

So 7Ti(L*) is a co-torsion of the map c\{L) or, in other words, its a cyclic group of 
rank r, where r is the integer in the statement. (This is a standard fact about abelian 
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groups with no torsion: i.e. if we have an exact sequence A — ► Z — > B — > 1, where g G A* 
is equal to rc with c not divisible, then B = Z/rZ). 

Let K be the line bundle on P which has Chern class k; it exists since rk is a Chern 
class and Pic(P) — ► H 2 (P, Z) has a torsion free cokernel. 

Now let K' be the pullback of K on the total space of L. Then the zero section of L, 
Po, is a section of rK' and thus we can construct a cyclic covering of L branched along P 
with degree r. Then we throw away the branch locus Po and we obtain a covering which 
is the universal one, by the previous consideration. 

The lemma concludes the proof of the proposition: in fact it describes the etale cover 
PspecR\z an d it implies in particular that if p is not an isomorphism then it is ramified at 
z, which contradicts what we have proved above. 

We now show how to prove proposition (2.1) (actually a slightly stronger version of 
it) using the theorem of Ahiezer. 

Proposition (2.2). Suppose that a connected reductive linear algebraic group G acts 
effectively on a complete normal variety Z. Then the followings are equivalent: 

a) There exists a fixed point z such that P z is a G-homogeneus variety. 

b) Z has an open orbit O and A := Z \Q contains an isolated point z. 

c) Z is a projective cone over a homogeneous variety P with the respect to G. 

Proof. It remains to prove that a) implies b), the rest following from (2.0). In the 
assumption of a) let thus O be the smallest orbit, with the respect to the dimension, in 
the closure of which z is contained. The tangent cone of this orbit and of its closure is G 
invariant. But, since by assumption P z is G-homogeneous, this implies that the orbit has 
dimension equal to the dimension of Z. 

A first application of the above proposition will give the next result. 

Lemma (2.3). Let X be a smooth projective variety and G a simple, simply connected, 
connected linear group acting non trivially on X; let rc be the integer defined in (1.8) and 
n = dimX. If n <tq there are no fixed points on X. If tq = (n — 1) then X has no fixed 
points unless G = SL(n) or Sp(n = 2s), X = P n and the action is the one which extends 
the standard SL(n) or Spin) action on C n via the inclusion C n — > P n , (zi, ...,z n ) — ► 

(1, z±, z n ) (equivalently the action is induced from the homomorphism g 

from SL(n) or Sp(n) to PGL(n + 1) ). 

Proof. Note first that the dimensions of the irreducible representations of G are strictly 
bigger then tq: in fact for every irreducible representation V there is a unique closed orbit 
in P(V) which is the homogeneous variety corresponding to the parabolic subgroup per- 
pendicular to the weight of the representation. Moreover if the minimal of such dimension 
is equal to (tq + 1) then G = SL(m) or Sp(m) and V is the standard representation; in 
this case the action on P(V) = P m_1 is homogeneous. 

Assume that ro > n and that x E X is a fixed point; then G acts on the tangent 
space T = T X X and by the above observation this has to be the trivial representation. Let 
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m x be the maximal ideal of O — O x , the local ring of germs of regular functions near x; 
then G acts trivially on m/m 2 = T* and on m k /m^ k+r) = S k (m/m 2 ). Using inductively 
the exact sequences 

— > m fc /m (fc+1) — > G/m( fc+1) — > G/m fc — > 

and the fact that G is a reductive group we have that G acts on 0/m k trivially for all 
k > 0. Thus G acts trivially on the completion O, hence trivially on O. This implies that 
G acts trivially on X itself. 

After noticing that G acts trivially on T, one can conclude alternatively via the Luna's 
etale slice theorem as in the next lemma (2.4). 

Assume now that r = (n — 1) and let x G X be a fixed point. If G = Spin(m) 
(m > 7) or an exceptional group then the above proof applies; i.e. the action of G on 
the tangent space at x must be trivial. In the other cases we can apply the proposition 
(2.1) (or the proposition (2.2)) since the action of G on P x := Proj[gr(Ox, x )} = P( n_1 ) 
is transitive. Thus X contains a Zariski open set which is isomorphic to the cone over a 
smooth point. Let Y = P(0 P („-i)(l) © C?p(„-i>) with the action of SL(n), or of Sp(n), 
determined by the homogeneos action on p( n_1 ) and on the homogeneous bundle 0(1). 

Since X and Y have the same open orbit there is a birational map / : X > Y induced 

by identifying the orbit. By the Hironaka's theorem we can resolve the indeterminacy locus 
J of / by succesive blowing-up along smooth centers, a : X' — >■ X. Since / is a G-stable 
closed subset of codimension greater or equal then 2, a is a composition of blow-ups at 
points. Let r = / o cr; since the indeterminacy locus of r _1 is also a G-stable closed 
subset of codimension > 2 and since there are no such subset on Y we have that r is an 
isomorphism and that X is the blow-down of Y along a divisor to a point, i.e. X = P n . 

Lemma (2.4). Let G = SL(n — 1) acting with a dense open orbit on a n-fold X . Then 
there is no fixed points. 

Proof. If n = 2 this is the lemma (1.2.2) in [M-U]. Therefore we assume that n > 3 and 
that, by contradiction, a: is a fixed point. Then we have an induced linear action of G 
on Tx,xi i- e - an n-dimensional representation of G. These are of three types, namely if 
AeSL(n-l) 

A — (4,1), or ( t A-\l),ovI; 

in particular there are no n-dimensional orbit on Tx, x in any of these there cases. 

On the other hand we can apply the Luna's etale slice theorem (see [Lu]); this says 
that there exists a G-stable affine subvariety V containing x and an etale G-equivariant 
morfism V — >■ Tx, x - This is a contradiction since, by assumption, X has a n-dimensional 
orbit. 

Actually the following more general result holds; it was proved for n = 3 in [Na], here 
we adapt this proof (or the one of 1.2.2 in [M-U]) to the general case. 

Lemma (2.5). Let G be any reductive group acting with a dense open orbit on a pro- 
jective variety Z and assume that x is a fixed point. Then m x /m x does not have nonzero 
invariants. 
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Proof. Assume by contradiction that there exists a non-zero invariants / G m x /m x . Let 
U = Spec(A) be a G-invariant affine neighborhood of x (this exists since G is geometrically 
reductive). Let / be a lifting of /, i.e. / G T(U, Ojj) is such that r(/) = / where 
r : T(U, Ojj) — ► O y — ► O y /m y . Let V be a finite dimensional G-invariant vector 
subspace of A containing /; this exists by Borel [Bo] (it can be defined as the vector 
subspace of A generated by {g o f\g G G} which is of finite dimension). Since f(x) =0 
we have that r(V) C m x /m x . The image r(V) contains a non zero G invariant hence 
V contains a G invariant. Since V and m x /m x are finite dimensional, and G is lineraly 
reductive, the image r(V) is a direct summand of V; hence V, in particular A, contains 
a non zero G invariant F. Since G has an open orbit the invariant F should be constant. 
Since its value on x is zero it is constantly zero which is a contradiction. 

3. A starting point. 

Our main goal will be a classification of smooth connected projective varieties with a non 
trivial action of a simple group G which has the number tq "big enough" with the respect 
to the dimension of X. The following easy result seems to be a good starting point. 

Proposition (3.1). Let G be a simple, simply connected and connected Lie group acting 
on a smooth projective variety X . If tq > n, then the action ofGonX is the trivial one. If 
tq = n and G is acting non trivially then X is homogeneus. In particular if G = SL(m) or 
Sp(m) acts on a smooth connected projective varieties X of dimension n < m — 1 then this 
action is trivial; if n = m — 1 then X = p( m_1 ) an d the action is the transitive standard 
one apart for the case G = Sp(4) where we have both P 3 and Q 3 as homogeneous variety of 
dimension 3. If G = Spin(m) with m > 7 acts on a smooth connected projective varieties 
X of dimension n < m — 2 then this action is trivial; if ' n = m — 2 then X = Q( m " 2 ) and 
the action is the transitive standard one. 

Proof. The proof of the proposition follows easily from the assumption on tq and the 
fact that on one side there are closed orbits on X (see for instance [Bo], 1.8) and on the 
other X has no fixed point as showed in the first part of the lemma (2.3). 

Remark(3.1.1). The special case n = 3 of the proposition gives the main theorem of 
[Nal]; the proof of the first part of the lemma (2.3) above, the one not using the Luna's 
theorem, is the same as the one of lemma 5 in [Nal] . 
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4. Minimal Model Program on manifolds with a G-action. 

Let X be a smooth projective manifold of dimension n and G a simple, simply connected 
and connected Lie group acting non trivially on X. 

We use the notation and the approach of the previous section, passing to the next 
step; namely we assume that tq = (n — 1). 

More precisely we will prove the following theorem, the first part of which was proved 
in [Ma3] with different methods. 

Theorem (4.1) If G = SL(n) then X is isomorphic to one of the following varieties; the 
action of G is unique for each case and it is described in the course of the proof (see also 
[Ma]): 

1 ) the complex projective space P n , 

2) p( n_1 ) x R, where R is a smooth projective curve, 

3) The projective bundles P((9 P („-i) (m) © Op( n -i)) with m > 0, 

4) if n = 2 we have moreover a different action from the above one on P 1 x P 1 and P 2 , 

5) ifn = 3 we have moreover the projective bundle P(T(P 2 )), 

6) if n = 4 we have moreover the smooth 4-dimensional quadric which is isomorphic to 
Gr(2,4), the Grassmannian of 2-planes in C 4 . 

If G = Sp(n) then X is isomorphic to one of the following varieties and the action of G is 
unique for each case. 

1 ) the complex projective space P n , 

2) P^- 1 ) x R, where R is a smooth projective curve, 

3) The projective bundle P(0p(„-i) (m) © 0p(«-i)) with m > 0, 

4) if n = 4 we have moreover Q 4 , the homogeneous variety which is the quotient of 
Sp(A) by the Borel subgroup (which has two structure of a P 1 -bundle over P 3 and 
over Q 3 ), Q 3 x R, where R is a smooth projective curve and the projective bundles 
P(C>Q3(m) © Oqs) with m > 0. 

If G = Spin(n + 1) with n > 6 then X is isomorphic to one of the following varieties and 
the action of G is unique for each case. 

1 ) the complex projective space P n , 

2) the complex projective quadric Q n C p( n+1 ) ; 

3) Qt"" 1 ) x R, where R is a smooth projective curve, 

4) The projective bundle P((9q(„-i) (m) © Oq(„~i)) with m > 0. 

Proof. The proof of the theorem will be reached in a number of steps which are similar 
for all the three groups. 

Lemma (4.2). Let X and Y two manifolds on which a simple group G acts in the 
hypothesis of the theorem (i.e. =tq + 1 = dimX = dimY). Assume that X and Y have 
each a dense open orbit which are G isomorphich, then X ~ Y unless G = SL(n), Sp(n), 
Y = P n and X = P(0(1) © O). 

Proof. (See also the last part of the proof of (2.3)). Since both X and Y are completion 

of the same open dense orbit there is a birational map / : Y > X induced by 

identifying the orbit. If Y = P n let consider the blow-up of the fixed point a : Y' — > Y 
and take instead of / the composition g = f o a. This map is defined in codimension 1, 



10 



since both X and Y has minimal closed orbits of codimension 1 and no fixed point, thus 
it is an isomorphism. 

Let us now run the Minimal Model Program to classify X; in the following p(X) will 
denote the Picard number of X. 

1-st Step. Assume that p(X) > 2 and let <p : X — > Z be the contraction of an extremal 
ray. 

a) If ip is birational then, by the G-equivariant property of <p and our assumption 
on r, it must be divisor ial and the divisor has to be contracted to a point. Moreover 
the exceptional divisor E is isomorphic to p( n_1 ), respectively to Q^ n_1 ^; here the two 
cases depends on whether G = SL(n), Spin = 2s) or if G = Spin(n + l),n > 6, unless 
G = Sp(A) ~ Spin(5) in which both are possible. Since it is an extremal contraction the 
conormal bundle of the exceptional locus is N* = O(k) with 1 < k < n — 1, respectively 
1 < k < n- 2. 

We can thus apply the cone's proposition (2.1) (to z e Z); this gives that X is a 
completion of the open variety V{E, N*) = Spec(Q) h 0{hk)). Note that the open orbit is 
isomorphic to G/K where K is the kernel of the character map p : P — > C* associated to 
the homogeneuos line bundle O(k), P is the parabolic subgroup associated to P n_1 , resp. 
Q n_1 . 

One possible completion is Xk = P(N* © O) which has an open orbit isomorphic to 
G/K and two closed orbit isomorphic to p( n_1 ), respectively Q( n_1 ). But, by the above 
lemma (4.2), this is actually the only one except if k = 1 and G = SL(m) or Sp(m), where 
Xi can be actually blow-down to P n . In this case there are thus two possible completions 
(actually p(P n ) = 1 and thus it will appear in the proper place in the second step). 

b) Let ip be of fiber type and consider the induced action of G on Z. By our assumption 
either this action is trivial or Z = p( n_1 ) if G = SL(n) or Sp(n = 2s), respectively Q( n_1 ) 
if G = Spin(n + 1). 

In the first case, since any fiber of <p is an orbit, we must have that dimZ = 1 and 
X = p( n_1 ) x Z : respectively Q*™ -1 ) x Z, with the G-action factorizing to the product of 
the standard homogeneous one on p( n_1 ) ? respectively on Q^ 71-1 -*, and the trivial one on 
Z, except possibly for n = 2. This follows for instance by the more general theorem 1.2.1 
in [Ma2] ; for the reader convenience we outline his proof in this case. Namely take a point 
Po E X and let H be the isotropy group of G at po- Let Z\ = {p E X : G p = H}, where G p 
is the isotropy group of G at p. Then one can define a regular map r : G/H x Z\ — > X 
by r(gH,p) = g p. It is straightforward to see that this map is well defined, injective and 
G-equivariant. Moreover, by the Zariski's main Theorem, it is an algebraic G-equivariant 
isomorphism. This gives our claim after noticing that G/H ~ p( n_1 ) ? respectively Q( n_1 ), 
and that Z 1 = X/G = Z. 

If n = 2 and G = SL(2) then we have an other case which comes from the diagonal 
action of SL(2) on P 1 x P 1 . It is straightforward to prove that there are no other actions 
of SL(2) on the smooth two dimensional quadric. 

In the second one (p is an equivariant P 1 -bundle over p( n_1 ) ? respectively Q*™ -1 -*: in 
fact the action on Z is homogeneous and thus the fibers are all equidimensional and there 
are no reducible or double fibers. Thus X = ~P(E) with E a rank 2 vector bundle on Z; E 
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is homogeneous since the action is ip equivariant. Therefore, after normalizing if necessary, 
E = O(s) © O with s > and, in the case n = 3 and G = SL(3) one can also have E = TZ 
while in the case n = 4 and G = Sp(4) E can also be the nullcor relation bundle on P 3 or 
the spinor bundle on Q 3 . 

If E = O(s) © O we have a decomposition of X into three orbits. Two isomorphic to 
p( n_1 ), respectively Q( n_1 ) (the sections at infinity and the zero section) and a open dense 
orbit isomorphic to G/S where S is the kernel of the character map p : P — > C* associated 
to the homogeneuos line bundle O(s), P being the parabolic subgroup associated to P n_1 , 
resp. Q n_1 . The fact that this is the unique action on X can be proved as above with the 
exception n = 2 and s = (note that the section at infinity can be contracted so we can 
apply the cone's proposition). 

If n = 3 and E = TZ it is well known that X = P(TP 2 ) is the homogeneous 
variety G/B where B is a Borel subgroup of <SX(3) which corresponds in taking all the 
Dynkin diagram A% (or equivalently the kernel of the two dimensional representation of H 
associated to the tangent bundle); it is the unique closed orbit of the adjoint representation 
ofSL(3). 

If n = 4 and E is either the nullcorrelation bundle on P 3 or the spinor bundle on Q 3 
then X = P(E) = Sp(4)/B where B is a Borel subgroup. 

2-nd Step. Assume finally that p(X) = 1, i.e., since it has an extremal ray, X is a Fano 
manifold. 

If X is homogeneous then we can just look at the list of parabolic subgroups of 
codimension n corresponding to one node of the Dynkin diagram, in order to have p(X) = 
1. 

If G = SL(n) we have only one possibility for n = 4, namely X = SL(A)/Q where Q is 
the parabolic subgroup corresponding to the second node of the Dynkin diagram A4. It is 
the unique orbit of the irreducible representation of SL(4) into A 2 C 4 and it is isomorphic 
to the Grassmanian of planes in C 4 , i.e. the smooth 4 dimensional quadric. 

If G = Sp(n) or Spin(n+1) with n > 6 there is no homogeneous manifold of dimension 
n with p(X) = 1. 

If X is not homogeneous and has no fixed point then it must have a closed orbit H 
whic will be isomorphic to p( n_1 ) ? respectively Q < - n_1 - ) . Let L be a positive generator of 
Pic(X); then H = mL. Since H is effective m > 0; then it is well known that a smooth 
projective variety with an ample section isomorphic to p( n_1 ), respectively Q( n_1 ), has to 
be isomorhic to P n (if n = 2 we can have also P 1 x P 1 , this has however p(X) = 2 and 
thus it was considered above) , respectively to P n or to Q n . 

So if G = SL(n) or Sp(n), the last with n^4, then X has to be P n and it contains 
the closed orbit H ~ p( n_1 ) as a linear subspace except for n = 2 in which case the orbit 
can be a conic ~ P 1 . If the orbit is linear then X contains as an open Zariski subset the 
total space of the normal bundle. Thus the action on this open subset is fixed (by the 
action on the orbit) and as discussed above it is unique (see the lemma (4.2)). 

If n = 2 we have another non trivial action : namely the induced action on P 2 = 
P(C 3 ) by the 3-dimensional irreducible representation 03 : SX(2, C) — > GL(3, C). It is 
straightforward to prove that there are no other actions of SL(2) on P 2 . 
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If G = Sp(4) then we have the above case when H ~ P 3 but we can have also H ~ Q 3 . 
Then X can be either P 4 or Q 4 ; the action is described in the following if we think at G 

as Spin(5). 

If G = Spin(n + 1) then we have an action on X = Q n given by the embedding 
Spin(n + 1) — > Spin(n + 2) and one can prove that this is the only possible action; there 
is a closed orbit, isomorphic to the (n — l)-dimensional quadric and a open orbit. If X = P n 
the action is coming from the canonical action of G on C^ n+1 - ) and X has two orbits: a 
closed one, isomorphic to the (n — 1) -dimensional quadric and a open one isomorphic to 
X 2 = Spin(n + 1)/5(0(1) x 0(n)). ' 

Remark(4.3). Results as in the theorem can be obtained if G is an exceptional simple 
group and tq = (n — 1). 

5. Fourfolds which are quasihomogeneous under the action of SL(3). 

The next step will be the case tq = (n — 2), so for instance the case G = SL(n — 1) 
and X of dimension n. 

If n = 3, G = SL(2) and X quasi homogeneous this was studied in a series of papers 
starting with the one of Mukai-Umemura (see [M-U]); the complete results are collected 
in a paper of Nakano (see [Na2]). Here we will assume that G = SL(3) and that X is of 
dimension 4 and quasi homogeneous with the respect to G. The classification of such X 
was already achieved by Nakano in [Na3] by computing the closed subgroup of co dimension 
4 in SL(3). Here we sketch an alternative proof, similar to the ones in [M-U] and [Na2] 
for the 3-folds, with the aim to extend in the future this method to the general case of 
SL(n — 1) and to the other classical group; for this pourpose some results are given in 
general. On the other hand many details, as an explicit description of the action or of the 
closed subgroups of co dimension 4, are not worked out and we refer the interested reader 
to the paper of Nakano. 

Lemma (5.1). There are no homogeneous n-fold with Pic(X) = Z for the action of 
SL(n-l). 

Proof. X should be the quotient of SL(n — 1) by a parabolic subgroup corresponding to 
one node of the Dynkin diagram. There are no grassmanian in C( n_1 ) of dimension n. 

Lemma (5.2). Let G = SL(n — 1) acting with a dense orbit on a n-fold X. Then, if 
X is not homogeneous, there exists a closed orbit of dimension (n — 2) unless possibly if 
n = 4, 5 and X contains an orbit isomorphic to P(T(P 2 )), respectively Q 4 . Moreover this 
orbit is isomorphic to p( n_2 ) and its normal bundle is homogeneous. 

Proof. Since X has no fixed point, see (2.4), it must have a closed orbit of dimension > 1; 
since the group is SL(n — 1) the orbit has to be of dimension > (n — 2) . If it is of dimension 
(n — 2) then it is p( n_2 ) ? if it has dimension (n — 1) then it has to be one of the variety in 
the list of the Theorem in the previous section. In particular the only homogeneous one 
are the one giving the exceptions in the lemma. 

The fact that the normal bundle is homogeneous follows since it is a quotient of the 
tangent of X restricted to the orbit and the tangent of the orbit; these two bundles are 
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homogeneous on the orbit since the differential of every transformatrion in SL(n — 1) 
defines an automorhism of these bundles. 

From now on we will assume that X is a smooth 4-fold quasihomogeneous with the 
respect of a SL(3) action and we will run the MMP on X. 

We assume first that p(X) > 2 and let ip : X — >■ Z be the contraction of an extremal 
ray; if ip is birational let also E be the exceptional locus. As in the previous section, by 
the G-equivariant property of <p and the fact that vsl(3) = 2, we can, a priori, have only 
the following cases. 

a) ip is birational dimE = 3 and p(E) = z is one point; in this case E is a 3-dimensional 
del Pezzo variety with an SL(3) action induced by the one of X. In particular E cannot 
have fixed point. 

First note that E has to be smooth: in fact its singular locus is SL(3) invariant and 
thus it has to be ~ P 2 . The normal bundle of this P 2 in X has to be homogeneous, 
as noticed in the lemma (5.2). This cannot occur because there is a description of the 
possible non normal del Pezzo exceptional divisor by Fujita and the normal bundle of the 
singular locus (which is P 2 ) in X is not homogeneous (see [Fu]). Alternatively we can use 
a recent result where, together with T. Peternell, we showed that actually there is no non 
normal del Pezzo variety of dimension 3 that can be the exceptional locus of a birational 
Fano-Mori contraction of a 4-fold (forcoming paper). 

Thus, being smooth, E has to be in the classification of the previous section: that is 
E can be either P 3 , either P(C P 2(1) © O p i), with conormal bundle £ © -ff where £ is the 
tautological bundle and H is the pull back of (9(1) from P 2 , or P(TP 2 ) with the conormal 
bundle (9(1, 1), the tensor of the two line bundles obatined by pulling back (9(1) from the 
two projection into P 2 . 

The case E = P 3 cannot occur because it has a fixed point. In the second case we 
notice that the section at infinity of P((9p2(l) © Opi) is an orbit ~ P 2 with conormal 
bundle N* = (9(1) © (9(1). Then we can G-equivariantly blow-up this orbit and contract 
the exceptional divisor into a compact (non projective) manifold which will then contains 
a 1-dimensional orbit, namely the image of the exceptional divisor isomorphich to P 1 ; this 
is a contradiction since <SX(3) has no 1-dimensional homogeneous variety (see also the next 
point c) concerning small contractions). 

The case E = P(TP 2 ) can actually occur. We apply the cone's proposition, thus X is 
a completion of the open orbit of the cone V(P(TP 2 ), (9(1, 1)). We complete the cone in the 
trivial way, i.e. X' = P((9(l, 1) ©(9). One can easily check that the action of SL(3) on X' 
has an open orbit and two closed orbit isomorphich to P(TP 2 ), i.e. the sections at zero and 

at infinity. For any other completions X we must have a birational map / : X > X' 

induced by identifying the open orbit. By the theorem of Hironaka we can resolve the 
indeterminacy of / by blow-ups along smooth centers. Since the indeterminacy locus is 
>SL(3)-equivariant the centers will be P 2 . Let a : X — > X be the composition of this 
blow-ups and let / = fa : X — ► X' . Since the indeterminacy of f~ x is SL(3) equivariant 
and since X' has no equivariant subset of codimension > 2 then / is an isomorphism. Thus 
X is equal to X' or its smooth SL{3) equivariant blow-down. One can finally check that in 
fact there is only one SL(3) equivariant smooth blow-down of X'\ namely the zero section 
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is contracted by <p to a point but this contraction is not elementary and it factors through 
a smooth blow down with center P 2 (and then through a flop of this P 2 to a point). In 
particular X = X' . 

b) ip is birational, dimE = 3 and dim(ip(E)) > 0. In this case, by the <SX(3) equivariance 
of (f, we have that (<p(E)) = P 2 and all non trivial fiber are one dimensional. We can thus 
apply a result of T. Ando ([An], see also [A-Wl]) which says that in this hypothesis the 
extremal contraction <p is an equivariant smooth blow-up of an orbit ~ P 2 in a smooth 
manifold Z. 

c) <p is a small contractions, i.e. codim(E) > 2. Thus E has to be of dimension 2 and 
isomorphic to P 2 and with normal bundle N* homogeneus. It is immediate then to check 
that N* = 0(1) © 0(1) (since detN* = 2 and N* has to be ample); this follows also by 
a general theorem of Kawamata which describes all small contractions on a smooth 4-fold 
(see [Ka]). We blow-up the orbit P 2 and we obtain a smooth variety with a G-action; but 
since N* is ample we can blow-down the exceptional divisor in the other direction, i.e. 
consider the map supported by —E — tL where L is a </>ample divisor and r is a rational 
number such that — E — tL is nef but not ample (thus we can flip the contraction). We 
thus obtain a (smooth) projective variety with a G-action and a orbit of dimension one, 
the image of the exceptional divisor ~ P 1 , a contradiction. 

The above three steps prove the following 

Proposition (5.3). Let X be a smooth projective 4-fold which has an action of SL(3) 
with an open orbit. If ip : X — > Z is a birational elementary Fano Mori contraction then 
Z is smooth and ip is the blow-up of an orbit isomorphich to P 2 in Z. 

In fact in the case in which E = P(TP 2 ) we have seen that ip is not an elementary 
contractions and it factors through a smooth blow-up (the flop then is no more a Fano- Mori 
contraction). 

Remark(5.3.1) The above proposition implies that we can run the Minimal Model Pro- 
gram within the category of smooth varieties. This is true also for the case of quasihomo- 
geneous 3-folds under the action of SL(2) (see [M-U]) and we conjecture it should be true 
for quasihomogeneous n-folds under the action of SL(n — 1). 

Therefore we consider now the cases in which (p is of fiber type. 

d) p is a conic bundle. 

There can be some isolated two dimensional fibers: then they have to be orbits isomor- 
phic to P 2 and with homogeneous normal bundle. By the results in [A-W] (in particular 
5.9.6) there is only one possibility for the conormal bundle, namely N* = TP 2 (— 1). More- 
over in this case Z is smooth thus we use the classification in the previous section which 
gives that Z = P 3 (since the images of the isolated exceptional fibers are fixed points in 
Z). It is straightforward to see at this point that X = P(TP 2 (— 1) @0), for instance using 
the results in [B-W] . 

With the above exception, we have thus that all fibers of the conic bundle <p are one 
dimensional; then this implies that Z is smooth, again by the results in [An], and we can 
use the classification in the previous section. Z cannot be P 3 since otherwise we will have 
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a one dimensional orbit (the fiber over the fixed point). Thus Z = P(0 P 2(m) © O) or 
P(TP 2 ); the first cannot happen since in this case we will not have a dense orbit while in 
the second case ^( p , g ) = P(£ p ,q © O) where L p q is the line bundle which corresponds to 
the character defined on £?, the Borel subgroup of SL(3), by 

a * * 

e * — >a p e q 
% 

(for further details see [Na3]). 

e) (p is a Fano fibration over P 2 ; thus it is actually an equivariant P 2 -bundle, i.e. X = P(£) 
with £ an homogeneous bundle of rank 3 on P 2 . The homogeneous bundles 0{a)@0{b)@0 
don't give a quasi homogeneous variety, i.e. there is no open orbit, except if a = b = in 
which case we have the diagonal action on P 2 x P 2 which has an open orbit. Therefore X 
is one of the manifolds Y a := P(T p2 (a)) © O) or P(S 2 T p2 ). 



To conclude the programm one should now classify all X Fano fourfolds with Pic(X) = Z 
which are quasihomogeneous with the respect to SL(3). 

It turns out that the only possibility is the 4-dimensional quadric embedded into 
P 5 = P(C 6 ) with the action of SL(3) on C 3 x C 3 restricted to the quadric. We are going 
to present here just a sketch of an argument to prove this fact; of course it can be checked 
on the classification of Nakano. 

The idea of a direct proof should be the following: if O denotes the open orbit then 
A := X \ O is not empty (see 5.1). One can then prove that A is not connected; our 
argument at the moment is long and intricated and we are working to have a clean one 
which should be valid in the higher dimensional case too (we expect to have no Fano n-folds 
with Pic(X) = Z which are quasihomogeneous with the respect to SL(n — 1) if n > 5). 

If A is disconnected we can apply the theorem 2 of Ahiezer (see [Ah]). In particular 
we obtain that A has two components which are homogeneous and isomorphich to P 2 with 
normal bundle TP 2 (— 1). Moreover, in his notation, there exists an equivariant surjective 
morphism / : M(SX(3), P, (p) — ► X, where in our case P is the parabolic subgroup 
of SL(3) corresponding to the first node of the Dynkin diagram and ip is the irreducible 
representation corresponding to the tangent bundle twisted by O(-l). It follows now easily 
that X is isomorphic to the 4-dimensional quadric (with the above described SX(3)-action) 
and that the map / is the blow-up of one of the two dimensional orbits. 

Note also that if we blow-up one of the two orbits isomorphic to P 2 in the quadric 
we get a variety isomorphich to ^(-i); if we then blow-up the strict transform of the other 
orbit we get a variety isomorphich to -^(o,i)- 

Collecting all the above together we have thus reproved the following 

Theorem (5.4). ([Na3]) Let X be a smooth 4-fold on which G = SL(3) acts with an 
open orbit. Then X is isomorphic to one of the following: 
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1 ) X (P:q) = P(L p , g © O) where L PjQ is the line bundle on Z = SL(3)/B = P(TP 2 ) which 

a * 

corresponds to the character defined on B by 



2) Y (a) =P(T p2 (a))©0) 

3) X = P(S 2 T p2 ) 

4) X = P 2 x P 2 and Bl A (P 2 x P 2 ) 

5) X = Q 4 C P 5 . 



e 




a p e q . 



Remark(5.5). The only possible birational elementary contractions between two fourfolds 
as in the theorem are blow-ups along smooth orbit isomorphich to P 2 , as noticed in (5.3). 
They can now easily be described; the interested reader can look at the proposition 7 of 
[Na3]. 
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